The geometrical construction of rational maps using a cubic grid has led to many new Skyrmion solutions, with baryon numbers up to 108. Energy spectra of some of the new Skyrmions are calculated here by semi-classical quantization. Quantization of the B = 20 T d -symmetric Skyrmion, which is one of the newly found Skyrmions, is considered, and this leads to the development of a new approach to solving Finkelstein-Rubinstein (F-R) constraints. Matrix equations are simplified by introducing a Cartesian version of angular momentum basis states, and the computations are easier. The quantum states of all T d -symmetric Skyrmions, constructed from the cubic grid, are classified into three classes, depending on the contribution of vertex points of the cubic grid to the rational maps. The analysis is extended to the larger symmetry group O h . Quantum states of O h -symmetric Skyrmions, constructed from the cubic grid, form a subset of the T d -symmetric quantum states.
Introduction
The Skyrme model is a soliton model for nuclear physics [1, 2, 3] where U (x) is the SU (2)-valued scalar Skyrme field, R µ = ∂ µ U U † is the right current, and m π is the pion mass. The free parameters of the model (F π , e, m π ) can be absorbed by using the Skyrme mass unit , and in this paper, a value of unity is used. The Skyrme field U can be written in terms of the pion fields π = (π 1 , π 2 , π 3 ) and sigma field σ as 2) where τ are the Pauli matrices. The Skyrme field is subject to the constraint U U † = (σ 2 + π · π)I = I. Hence, σ 2 + π · π = 1 and σ and π are not independent.
The baryon number, the topological charge of a Skyrmion, is the integral of the baryon density
( 1.3)
The angular structure of Skyrmions is not known precisely except for the B = 1 "hedgehog". For others with higher baryon number, solutions can be found numerically with the help of the rational map ansatz [4] . An initial field configuration is constructed from a rational map, which encodes the angular structure, and a radial profile function, and it is then numerically relaxed to the stable Skyrmion. A geometrical construction of rational maps using a cubic grid was developed in [5] , and a range of new Skyrmions was found. Most of the new solutions retain the symmetry of the rational maps, which are subgroups of the cubic symmetry group O h .
The T d -and O h -symmetric Skyrmions are of particular interest to us, because of various theoretical studies of possibly tetrahedral and cubic nuclei [6, 7] . The idea of tetrahedrally-symmetric nuclei is supported by some experimental results. The characteristic 3 − state, which is the first allowed rotational excitation of a tetrahedral rigid body with 0 + ground state, can be seen experimentally in the spectra of 16 O and 40 Ca [8, 9] . The next excited state is a 4 + state.
The rotational spectra of Skyrmions can be calculated using semi-classical quantization [10, 11] . The spectra of isospin excitations can also be calculated. A tetrahedrallysymmetric B = 16 Skyrmion is known [12] and several others have been found recently. The 3 − quantum state together with the second rotational state, 4 + , which we will calculate using the Cartesian method in Section 4, can be used to identify potential T d -symmetric nuclei from experiments. The ratio of the excitation energies between two rotational states with spins l 2 and l 1 , respectively, is
. This equals − states. The existence of these two states as the lowest rotational excitations with a ratio of energies approximately 5 3 suggests that a nucleus is tetrahedrally-symmetric. Such states can be seen clearly in 16 O. The energy of the lowest 3 − and 4 + states of 16 O are 6.130 and 10.356 MeV, respectively, with a ratio of 1.69 [8] . The procedure is reviewed and applied to the B = 20 T d -symmetric Skyrmion below. We show more generally that the quantum states of T d -symmetric Skyrmions constructed from the cubic grid, which all have baryon number a multiple of 4, are classified into three classes.
In Section 2, we briefly review semi-classical Skyrmion quantization. In Section 3, we recall the cubic grid method, based on the Skyrme crystal structure, for constructing rational maps. The B = 20 T d -symmetric Skyrmion and its rational map are described here. Section 4 discusses the semi-classical quantization of this Skyrmion. We introduce a method for writing down quantum states using Cartesian coordinates rather than Euler angles. This simplifies the analysis of states with T d and O h symmetry. Energy levels of the B = 20 T d -symmetric Skyrmions are calculated and presented. We also describe the use of the cubic grid to construct the parity operator pictorially. Sections 5 and 6 discuss the extension of the Cartesian method to a large class of Skyrmions with T d and O h symmetries, respectively. Concluding remarks are in Section 7, and our numerical methods are discussed in the Appendix.
Semi-classical Skyrmion quantization
In the semi-classical quantization method, a Skyrmion is treated as a rigid body free to rotate in ordinary space and isospace. The Skyrmion is restricted to have rotational and isorotational degrees of freedom only [10, 11] and is parametrized as
is the prepared static Skyrmion solution in some convenient fixed orientation, A is the SU (2) isospatial rotation, and R(B) is the spatial rotation represented by an SU (2) matrix B. Classically, A and B are time-dependent.
The semi-classical quantization of Skyrmions generalizes the quantization of a rigid body of normal matter. The classical rotational energy of an isotropic rigid body is
where I is the moment of inertia of the body. To quantize the rigid body, we promote the squared angular momentum L 2 to a quantum operatorL 2 . The eigenvalue ofL 2 is L(L + 1) in a state of angular momentum L. This formalism can be applied to Skyrmions, but the situation is more complicated. Skyrmions possess both spin and isospin, and the inertia tensors are not generally isotropic.
Substituting (2.1) into the Skyrme Lagrangian (1.1), one can show after some rearrangements that the kinetic part of the Lagrangian is
where a j and b j are the angular velocities in isospace and ordinary space defined by
U ij , W ij and V ij are the moment of inertia tensors, which can be written in terms of the Skyrme field U 0 , its right current R i , and the further current
5)
In order to calculate the nuclear spectra from the Skyrme model, one must first calculate numerically all the moments of inertia (U ij , W ij , V ij ) of a given Skyrmion. The details of the calculations can be found in the Appendix.
Skyrmions can be in any orientation with respect to the underlying coordinate system. One can introduce the body-fixed isospin (K) and spin (L), and the space-fixed isospin (I) and spin (J). The body-fixed isospin and spin are the conjugate momenta to the isospatial rotation A and the spatial rotation B, derived from H kin ; the explicit relations in terms of the angular velocities a j and b j are
The space-fixed isospin and spin can be obtained from the body-fixed isospin and spin by suitable rotations
The four sets of quantized angular momentum operators mutually commute and satisfy the usual SU (2) commutation relations
The total angular momentum operatorsÎ 2 ,Ĵ 2 ,K 2 andL 2 are independent of orientations. As a result, the total isospin and total spin are equal in the body-fixed and space-fixed frames,
The quantized kinetic Hamiltonian of the Skyrmion can be written in the standard way in terms of the body-fixed angular momenta,K i andL i . The Hamiltonian of a general Skyrmion with no symmetry is complicated, because of the cross term W ij , which mixes isospin and spin. The expression is simple for symmetric Skyrmions. For example, the Hamiltonian of the B = 20 T d -symmetric Skyrmion iŝ
(2.13)
Because of the T d symmetry, V ij = vδ ij , U 11 = U 22 and the isospin and spin contributions decouple because the cross term W ij vanishes. The symmetry also puts constraints on the spin and isospin quantum numbers. These are called Finkelstein-Rubinstein constraints [13] .
The wavefunction of the Skyrmion can be expressed as a tensor product of spin and
3 ), where J 3 and I 3 take all values in the standard range. The energy eigenvalues do not depend on the values of J 3 and I 3 . For Skyrmions of even baryon number (which they all are in this paper), the spin and isospin are integer-valued. We can then simplify the quantum state by setting J 3 = I 3 = 0. A U (1) subgroup of the SU (2) group is thereby quotiented out, and the manifold where the D-functions live is S 3 /S 1 ∼ S 2 . The 2-sphere is parametrized by the remaining two angles, and the Wigner functions can be expressed in terms of the more familiar spherical harmonics. The product of Wigner functions [14] . In this paper, a value e 3 F π = 4 × 10 3 MeV is used.
Rational maps from the cubic grid
Finding rational maps with T d and O h symmetry becomes difficult as the degree of the maps becomes large. The cubic grid method for constructing them was first proposed in [15] and developed in detail in [5] . It relies on the observation thatπ 3 takes the values ±1 at the lattice points of the Skyrme crystal, corresponding to the zeros or poles of the rational map. A cubic chunk of the Skyrme crystal can be visually simplified to a cubic grid, and rational maps can be constructed by picking specific points from the grid. In general, large baryon number Skyrmions are found using a multi-layer rational map ansatz [16] . In the cubic grid method, the n-th layer rational map is constructed from a 2n × 2n × 2n grid. The first three layers of the grid allow a maximum number of 8, 56 and 152 points, respectively, and lead to rational maps of maximum degree 4, 28 and 76 if one restricts to zeros and poles of multiplicity one. The degree of the rational map is the baryon number of the layer. The example in Figure 1 shows the cubic grid method applied to the outer layer of the B = 32 Skyrmion, which is the second layer of the cubic grid. The circles and squares indicate the 28 zeros and poles of the rational map, respectively. By labelling points with scaled Cartesian coordinates, (x 1 , x 2 , x 3 ), the rational map can be expressed in terms of the complex Riemann sphere coordinate, z = With the aid of the cubic grid, the symmetry of the rational map can be easily visualized too. The B = 32 Skyrmion possesses cubic symmetry O h , which is the full symmetry group of the grid. The points on the grid can be separated into smaller subsets of points still preserving the O h symmetry (see Figure 2) . O h -symmetric rational maps of various degrees can be constructed by taking combinations of the subsets. One can relax the symmetry requirement, and obtain many further rational maps.
The B = 20 T d -symmetric Skyrmion is found by using a double-layer rational map ansatz. The inner degree 4 rational map is constructed using all eight vertices of the first 
The inner map is simply p + / p − . The outer degree 16 rational map is constructed by taking zeros on the faces, poles on the edges, and both zeros and poles on the vertices. The points for the outer rational map are shown in Figure 3 , and the rational map is given by [5] R 20, These rational maps give an initial ansatz. On relaxation we obtain the B = 20 Skyrmion shown in Figure 4 using the same colouring scheme as in [5] . In order to quantize the B = 20 Skyrmion, we use the tensor product states |L, L 3 ⊗ |K, K 3 introduced in Section 2. The Finkelstein-Rubinstein (F-R) constraints are operator constraint equations which encode the symmetry and topology of the Skyrmion. For the B = 20 T d -symmetric Skyrmion, the F-R constraints are
The operators here are two generators of the tetrahedral rotation group, T . The reflection elements in T d will play a role when we consider the parity of states. The second constraint is simple; the eigenvalue ofL 3 must be even. The first constraint is more complicated and harder to solve. Two different ways of solving these constraints will be discussed in the following subsections.
Besides the isospin and spin, quantum states are labelled by parity. To construct the parity operator of the Skyrmion, the explicit form of the rational map R(z) can be used. The parity operation on any Skyrmion is defined as a combined inversion I in the complex coordinate, z, and the isospace complex coordinate, R, i.e. a combination of z → −
Applying the combined inversion I to the B = 20 T d -symmetric outer rational map (3.3), one finds
This shows that the parity operation on this Skyrmion is equivalent to a π 2 -rotation about the x 3 -axis (z → iz) together with a π-rotation about the isospace 2-axis (R → − 1 / R ). The effect of I on the inner rational map is the same. The quantum parity operator is thereforeP = e
whose eigenvalue ±1 can be directly calculated for any state |Ψ . The parity operator can be understood more geometrically using the cubic grid, as will be shown in Subsection 4.4.
Angular momentum basis method
The allowed quantum states can be found by solving the F-R constraints, in an angular momentum basis. L and K are good quantum numbers, so we fix these. Dealing with the F-R constraints is a difficult task as it involves exponentiating matrices. With the help of Mathematica, we found and solved the F-R constraints up to L = 4, which requires exponentiating 9 × 9 matrices.
As an example, we apply this method to find the non-trivial quantum state with L = 3 and K = 0. For K = 0, the F-R constraints simplify to
We use the standard angular momentum basis, and write 
The second can be solved without explicit calculation; only the states with even L 3 are allowed. These are |3, 2 , |3, 0 and |3, −2 only. The first equation implies that there is only one allowed combination, namely
where |0, 0 is the isospin state. Applying the parity operator (4.3), one finds that |Ψ is a negative parity state, 3 − .
Cartesian method
The angular momentum basis method works well up to L = 4 but becomes computationally intractable for higher spin. To overcome this, an alternative method using the Cartesian representation of spherical harmonics is developed. This method uses Cartesian coordinates (x,y,z) in ordinary space and (X, Y, Z) in isospace to form T -invariant polynomials. The Cartesian coordinates are set up with respect to the body-frames and are related to the Euler angles (θ, ψ) and (β, γ) by
where
The F-R constraints (4.1) can be understood geometrically using the Cartesian coordinates. The operator e iπL 3 of the second constraint rotates ordinary space by π about the z-axis (the (0, 0, 1)-direction) and there is no rotation in isospace. The Cartesian coordinates transform as
The first constraint mixes both ordinary space and isospace. The operator e
rotates ordinary space by about the Z-axis. The effect on isospace is more transparent when we change variables from X and Y to X + iY and X − iY . The Cartesian coordinates transform as
where ω = e i 2π 3 .
The 3 − state with isospin zero has a simple Cartesian expression,
The state is proportional to a monomial of degree three, and is clearly invariant under (4.12). xyz is one of the T -invariant generating polynomials.
Pure spin states
We look here at the general F-R allowed states with isospin K equal to zero. The Tinvariant generating polynomials are listed in Table 1 . These are further classified usinĝ P , the parity operator (4.3). The Cartesian coordinates transform underP aŝ
The first polynomial f 2 is ρ 2 and has zero spin. Dividing by ρ 2 gives 1. The polynomial f 3 is the L = 3 spin state that we presented, and f 4 is cubically-symmetric. The last Table 1 : T -invariant polynomials of pure spin states polynomial f 6 is different from the others because it is not invariant under any reflection of T d ; however, it satisfies the F-R constraints and must be included.
To find a quantum state of spin L, a degree L polynomial is constructed using the generating polynomials. As an example, an L = 4 together with an L = 0 state can be constructed using f 2 2 and f 4 . The general degree 4 polynomial is
With arbitrary constants a and b, this is a state of mixed spin, but the ratio of the constants can be determined usinĝ
The operatorL 2 iŝ
where (L x ,L y ,L z ) are expressed in the Cartesian coordinates, for example,L z = −i(x∂ y − y∂ x ). For the polynomial (4.17), one obtainŝ
and
and to satisfy (4.18), two independent linear equations need to be satisfied, namely
(4.23)
The solutions are
for L = 4 and b = 0 for L = 0. The pure spin states are
An alternative but equivalent way of fixing the constants of our polynomial quantum states is to use the Laplace equation, ∇ 2 f (x, y, z) = 0. The condition (4.18) is satisfied automatically by a degree L polynomial f , if it is a solution to the Laplace equation. The proof is as follows. Let us consider a degree L polynomial f (x, y, z) = i,j,k a ijk x i y j z k , where a ijk are constants, i + j + k = L and i, j, k ≥ 0. In terms of the spherical polar coordinates, f (x, y, z) is ρ L g(θ, ψ), where g(θ, ψ) is some angular function. Substituting this expression into the Laplace equation, expressed in spherical polars, one obtains
which means that f is a state of spin L. The advantage of using the Laplace operator over (4.19) is that it has a much simpler expression in terms of Cartesian coordinates, 27) and the calculation is easier.
We can repeat the calculation for the L = 4, K = 0 state here using the Laplace operator. For F = af
. The Laplace operator can only project out the quantum state with angular momentum equal to the degree of the polynomial; the other solution with L = 0 cannot be obtained using this method. There is no L = 2 state, because f 2 , the only degree 2 polynomial, does not satisfy the Laplace equation.
States can be converted back to the angular momentum basis using the coefficients 
which involves an irrational coefficient. This is to be compared with the neat rational coefficients of the Cartesian form of the state.
Pure isospin states
We now move to the case of pure isospin with spin L set to zero. The approach is very similar, and the invariant generating polynomials are presented in Table 2 . Table 2 : Invariant generating polynomials of pure isospin states
As an example, we construct the K = 3 states using degree 3 polynomials. For degree 3, four polynomials are allowed, (g 
Mixed spin and isospin
The cases of pure spin and pure isospin have been covered. We wish to construct mixed quantum states too. Here we present all states up to spin 4 and isospin 2. L 3 must be even, as before. The F-R constraint
allows the spin and isospin operators each to have a complex eigenvalue of unit magnitude. The constraint equation can be satisfied as long as the phases cancel out. This allows two more generating polynomials for both spin and isospin. They are Table 3 : Generating polynomials for mixed spin and isospin states where ω = e i 2π 3 as before. Notice that they are not eigenstates of the parity operator but transform into each other under parity (see Table 3 ).
We can now start constructing quantum states satisfying the F-R constraints with both non-zero spin and isospin; the allowed terms are tensor products of the spin and isospin generating polynomials where ω and ω 2 factors cancel. f ω and f ω 2 satisfy the Laplace equation, hence they are states of pure spin with L = 2. As an example, the allowed terms for L = 2, K = 1 states are
(4.36)
Note that the zero spin polynomial f 2 is not needed. We obtain the following two states with definite parities
The list of the allowed quantum states for the B = 20 T d -symmetric Skyrmion up to L = 4, K = 2 is presented in Table 4 . The states are arranged according to the spin and do not reflect the actual ordering of energy levels. In order to evaluate the energy of each state, the moments of inertia are required. The energy calculation and the list of energy levels are discussed in the following subsection.
Spin, L P Isospin, K |Ψ in angular momentum basis |Ψ in Cartesian basis 0
|4, 0 ⊗|1, −1
|4, 0 ⊗|2, −2 + |4, ±4 + − 12 7 i |4, ±2 + − 10 7 |4, 0 ⊗ |2, 2 Table 4 : Allowed quantum states |Ψ of the B = 20 T d -symmetric Skyrmion. The notation used is |L, ±L 3 ± = |L, L 3 ± |L, −L 3 .
Energy calculation
The energy levels of the B = 20 T d -symmetric Skyrmion can be computed using the moments of inertia given in Table 11 in the Appendix. Recall that the Hamiltonian of the Skyrmion isĤ
(4.39)
From Table 11 , we extract the values v = 12854, U 11 = 759 and U 33 = 820.
We illustrate the energy calculation using the 3
, hence an eigenstate of the Hamiltonian. The energy E, in Skyrme units, can be calculated by replacing the operators with their eigenvalues,
Using the conversion factor e 3 F π = 4000 MeV, the state has an energy of 1.87 MeV above the ground state. This is the correct order of magnitude for the excitation energy of a nucleus of this size.
A list of energy levels of the B = 20 T d -symmetric Skyrmion up to spin 4 and isospin 2 is presented in Table 5 .
Construction of parity operator
In this subsection, a pictorial method of constructing the parity operatorP is presented. The effect of combined inversions in both ordinary space and isospace on a rational map,
is first studied algebraically, using a simple example, then we demonstrate that it can be equivalently represented pictorially, using the cubic grid, and the corresponding parity operator can be read off from the grid without any algebraic calculation.
The simple example is a rational map constructed from two pairs of zero/pole points, (a, − 18.14 4 42) and is transformed under the combined inversion I to
(4.43) R(z) is almost invariant, but gains a minus sign, so I is equivalent here to a π-rotation about the Z-axis. The parity operator isP = e iπK 3 in this case.
To explain our pictorial method, the points above are, for illustrative purposes only, assumed to be on the edges of the grid. The effect of the combined inversion on the Figure 5 . A spatial inversion I s (z → − 1 /z) is applied first; it moves the points to the antipodal points and exchanges zeros and poles. Second, an isospatial inversion is applied; this is a combined reflection σ iso in the X − Y plane with a π-rotation, C 2 iso , about the Z-axis. The reflection σ iso exchanges zeros and poles (R → 1 / R ); the isorotation C 2 iso multiplies the rational map by −1 (R → −R), but it does not change the positions of zeros and poles; as a result, the operation C 2 iso cannot be represented in the Figure. From Figure 5 , one sees that the rational map returns to itself exactly after the operations I s and σ iso . Including the factor −1 from the isorotation C 2 iso , we arrive at the same expression as shown in the algebraic calculation (4. and the parity operatorP = e iπK 3 is recovered.
The algebraic calculation becomes messy for rational maps of high degree. The pictorial method is then particularly effective. We now apply this method to the rational map for the B = 20 T d -symmetric Skyrmion; the operations are shown in Figure 6 .
The rational map does not return to its original form after I s and σ iso ; the transformed map is related to the original map by a π 2 -rotation about the x 3 -axis (z → iz) and a π-rotation about the X-axis (R → 1 / R ). We deduce that, including the isorotation C 2 iso , the inversions have the following algebraic effect
, (4.45) and the parity operatorP = e 
Quantization, F-R constraints and parity operator
Although the Cartesian method was used above specifically to study the B = 20 T dsymmetric Skyrmion, it can be generalized to other Skyrmions with the same symmetry. The first question of the generalization is whether there is a modification of the F-R constraints, as this would have a great impact on the allowed states. This can be resolved with some symmetry arguments together with the help of the cubic grid. The F-R constraints only involve the 12 even elements (rotations) of the T d point group (g even ∈ T ⊂ T d ). A set of 12 points can be generated by acting with the even elements on a generic point of the cubic grid (see Figure 7) . A rational map can be constructed by taking such a set of points as zeros and a similar set of 12 points as poles. This results in a degree 12 rational map, which gives a B = 12 Skyrmion upon relaxation. Rational maps of higher degree can be constructed similarly, by using more such sets of 12 points. The degree of a rational map, constructed by this method, is a multiple of 12; the baryon number of the resulting Skyrmion has the general form B = 12n, n ∈ N, when n sets of points are used for the zeros and n sets for the poles. The points on the vertices of the grid are special, because only four points are generated by the action of the even elements, g even . If there are zeros on four tetrahedrally-related vertices, there need to be poles on the other four. This modifies the baryon number to B = 12n + 4m, when zeros and poles of multiplicity m on the vertices are included. The general rational map of this geometrical type has the form
Here, p + and p − are the Klein polynomials given in (3.2) ; each p i and q i is a degree 12 polynomial constructed from a generic set of 12 T -related points. p i and q i are Klein polynomials having the following general forms [5] ,
where a i and b i are mutually distinct constants.
Under the -rotation associated to the operator e
, the rational map (5.1) picks up a phase factor which depends on the value m, but not n,
This implies that the corresponding F-R constraint is dictated by the multiplicity m of the vertex points; it is
Note that m appears in the operator on the left hand side. N 1 can be calculated using the formula [17] 
where B = 12n + 4m is the baryon number, and α = are the angles of rotation in space and isospace occurring in (5.4). So
N 1 is always a multiple of 4, hence (−1)
The rational map (5.1) is invariant under the π-rotation associated to the operator e iπL 3 ,
hence the second F-R constraint is not modified and is independent of m and n; it is
As α = π and β = 0, formula (5.5) gives
which is again even, so (−1) N 2 = 1. The conclusion is that all the T d -symmetric rational maps constructed from the grid have positive F-R signs for both F-R constraints, but the first constraint equation depends on m. Using the cubic grid, one can also show that all T d -symmetric rational maps have the same parity operator. Figure 8 shows the effect of applying I s followed by σ iso on a set of 12 generic points generated by the even elements of T d . The effect is the same as for the B = 20 T d -symmetric Skyrmion; it is a π 2 -rotation about the x 3 -axis combined with a π-rotation about the X-axis, that is,
The parity operator is therefore the same as before,P = e i π 2L 3 e iπK 2 . The trichotomy of F-R constraints allows us to classify the quantum states of T d -symmetric Skyrmions, constructed from the cubic grid, into three classes. The classification is discussed in the following subsection.
Classification of T d -symmetric quantum states
The isospin operator in the F-R constraint (5.4) depends on the value m. The polynomials g ω and g 2 ω pick up different phase factors under this operator (see Table 6 ), and this leads to three classes of allowed states. For m = 0 (mod 3), the F-R constraints simplify to
They are the same as (4.4), which are the F-R constraints for the B = 20 T d -symmetric Skyrmion with K = 0. The value of isospin is not constrained, and the allowed values of spin are those given in Table 4 with
States of spin L and isospin K form an isospin (2K + 1)-plet; the example of states with L = 3 and K = 1 is shown in Table 7 .
Spin, L P Isospin, K Angular momentum basis Cartesian basis 3
Table 7: L = 3 and K = 1 triplet for m = 0 (mod 3)
For m = 1 (mod 3), the F-R constraints are the same as those for the B = 20
The allowed states are identical to the states given in Table 4 .
For m = 2 (mod 3), the states in Table 4 that involve g ω and g ω 2 no longer satisfy the F-R constraint (5.4). The roles of g ω and g ω 2 are exchanged; for example, the L = 2 and K = 1 positive parity state F
The list of states for m = 2 can be obtained from Table 4 by exchanging g ω by g ω 2 .
B = 56 T d -symmetric Skyrmion
An application of the classification is to the quantum states of a T d -symmetric Skyrmion with baryon number B = 56. This Skyrmion is found by using a double-layer rational map ansatz. The first layer of the cubic grid is left out, and the inner, degree 28 rational map comes from the second layer of the cubic grid (see Figure 1) . The outer, degree 28 rational map is constructed from the third layer of the cubic grid; the points used in the construction are shown in Figure 9 . The outer rational map is For a more detailed discussion of the interpretation of such constants, see ref. [5] . The B = 56 Skyrmion obtained by relaxing these rational maps preserves the T d symmetry, and it is a higher baryon number analogue of the B = 20 Skyrmion. The Skyrmion is shown in Figure 10 . It is worth noting that if one uses a triple-layer rational map ansatz, including the first layer of the cubic grid as the innermost, degree 4 rational map, one finds a B = 60 T d -symmetric Skyrmion that looks similar.
The primary colours, red, green and blue, are cyclically permuted when a -rotation is applied about a vertex, and the corresponding isorotation is a 
O h -symmetric Skyrmions
The T d symmetry group, which we have been studying, is a normal subgroup of the cubic group O h , and the O h group is the full symmetry group of the cubic grid. Thus, it is natural to extend our techniques to O h . O h (48 elements) is twice as big as T d (24 elements). This imposes more constraints on the states, and fewer states are allowed. Using the B = 32 O h -symmetric Skyrmion as an example, the corresponding F-R constraints are
24 points will be generated from a generic point under the action of the 24 even elements of O h , hence one may think that the baryon number is of the form B = 24n, n ∈ N; however, this is incorrect because of the second F-R constraint. The operators of the constraint turn zeros into poles, and vice versa. The set of 24 points consists of 12 zeros and 12 poles; therefore, the baryon number is of the form B = 12n, when n sets are included. Including the points on the vertices, we obtain the same formula as in the T d case, B = 12n + 4m, n, m ∈ N. The only difference between the T d and O h symmetry is the extra constraint that relates the zeros and poles (see Figure 11 ).
To derive the generalized F-R constraints for O h -symmetric Skyrmions, constructed from the cubic grid, we consider a general O h -symmetric rational map given by 
3)
The O h -symmetric rational map transforms under the rotation associated to the operator e
and under the operator e i π 2L 3 as
This leads to the following generalized O h F-R constraints,
The first F-R constraint is the same as the T d -symmetric case, while the second F-R constraint is a "square root" of the T d F-R constraint (5.8) . N 1 is identical to (5.6) and is even; N 2 can be calculated using (5.5) with B = 12n + 4m, α = π 2 and β = π,
number of these polynomials to form O h -invariants, for example, f 2 3 and g 1 g 3+ . In Table  4 , some of the T d -symmetric states consist of an odd number of these polynomials; these are not allowed as states for an O h -symmetric Skyrmion.
The allowed quantum states of O h -symmetric Skyrmions belong to a subset of the T d -symmetric states for each value of m. For example, the 3 − state is forbidden while the 4 + state is allowed for a quantized Skyrmion with O h symmetry.
Conclusions
In this paper, we systematically studied the semi-classical quantization of the families of T d -and O h -symmetric Skyrmions constructed using the cubic grid method. A Cartesian method of solving the Finkelstein-Rubinstein (F-R) constraints was developed and applied to T d -symmetric Skyrmions and O h -symmetric Skyrmions. The action of the T d and O h groups on the quantum states of Skyrmions is more transparent in the Cartesian coordinates, and the F-R constraints are easier to solve.
The T d -and O h -symmetric rational maps constructed from the cubic grid have similar structures, and they lead to Skyrmions with baryon number a multiple of four. The symmetries of the Skyrmions are realized in almost the same way. The F-R constraints of the Skyrmions differ in the contribution of the vertex points of the cubic grid to the rational maps, and this difference is characterized by an integer m (mod 3). We classified all quantum states of the Skyrmions into three classes depending on this integer m. All the T d -and O h -symmetric Skyrmions in each class have the same set of spin and isospin quantum states.
We applied this classification to the quantum states of the B = 20 and newly found B = 56 T d -symmetric Skyrmions. The class which these Skyrmions belong to was identified easily by looking at the F-R constraints (they have m = 1), and the quantum states for these Skyrmions are listed in Table 4 . The energies of the states of the B = 20 Skyrmion are given in Table 5 , and for B = 56, they would be similar. The next step would be to relate the results presented here to other studies of possibly tetrahedrally-and cubically-symmetric nuclei [6, 7] ; another possible step is to extend the classification method to other normal subgroups of O h , for example D 2h , which is the symmetry group of another B = 20 Skyrmion.
A Appendix: Numerical methods
In order to compute the energy levels of the quantized Skyrmions, the moments of inertia (U ij ,V ij ,W ij ) are needed; they are calculated numerically. First, stable Skyrmion solutions are found by applying the non-linear conjugate gradient method to the initial Skyrme field configuration, constructed from the rational map ansatz [5, 18] . The moments of inertia of the stable Skyrmions are then calculated. Since the Skyrme field U (x) is SU (2)-valued, we cannot apply the formulae (2.5), (2.6) and (2.7) directly. We adapt the method in [19] and express the Skyrme field in a 4-vector form,
where φ µ = (σ, π j ) and e µ = (I, iτ j ), j = 1, 2, 3, and we impose the constraint
Substituting (A.1) into (2.5), (2.6) and (2.7), the moments of inertia become
, denotes the dot product of the pion fields, and (∂φ i ∂φ j ) = 3 k=1 ∂ k φ i ∂ k φ j , denotes the dot product of gradients ∂.
The numerical code is written in C++, and several consistency tests are carried out. One test is to check the numerical values against a theoretical constraint. It is well established that the shape of the B = 2 Skyrmion is a toroid, hence it possesses a D ∞h symmetry. This implies that the moment of inertia tensors satisfy the conditions [11] The next test is to compare the moments of inertia calculated using two different approaches. The relatively simple form of the B = 1 Skyrmion allows one to compute the moments of inertia numerically in two independent ways. The first approach is to use the field equation, which can be derived from the Lagrangian and is
where the scaled pion mass is unity. The B = 1 Skyrmion is spherically symmetric and takes the "hedgehog" form, which means all the pion fields point in the radial direction,
Expanding out the exponential, we can identify the π and σ fields, This is solved numerically using the shooting method. Since it is impossible to extend the range to r = ∞ numerically, and we know the function f (r) falls off reasonably quickly [2] , a variable cut-off r 0 ≤ 10 is introduced. The result for r 0 = 5 is plotted in Figure 13 . The effect of changing the cut-off r 0 is presented in Table 9 . Table 9 : Moment of inertia with the cut-off, r 0
The moment of inertia tensors can also be computed using the formulae (A.2), (A.3) and (A.4). A three-dimensional B = 1 Skyrmion is prepared by relaxing the rational map ansatz with R(z) = z in a cubic box of width 8 and lattice spacing of 0.1 [18] . We choose to compare calculations with similar volume; a cube of width 8 is approximately equal to a sphere of radius 5, by volume. The inertia tensors are presented in Table 10 . The values are in good agreement with (A.13), and discrepancy only appears at the second decimal.
In Table 10 , the diagonal components of the tensors U , V and W differ by less than 0.05%, consistent with (A.10). V 33 = 47.576 Table 10 : Moment of inertia tensors of B = 1 Skyrmion
The inertia tensors of the B = 20 T d -symmetric Skyrmion are calculated similarly and presented in Table 11 . 
